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Abstract 

Lovelock theory is a natural extension of Einstein theory of gravity to higher dimen- 
sions, and it is of great interest in theoretical physics as it describes a wide class of models. 
In particular, it describes string theory inspired ultraviolet corrections to Einstein-Hilbert 
action, while admits the Einstein general relativiy and the so called Chern-Simons the- 
ories of gravity as particular cases. Recently, five-dimensional Lovelock theory has been 
considered in the literature as a working example to illustrate the effects of including 
higher-curvature terms in the context of AdS/CFT correspondence. 

Here, we give an introduction to the black hole solutions of Lovelock theory and analyze 
their most important properties. These solutions can be regarded as generalizations of 
the Boulware-Deser solution of Einstein-Gauss-Bonnet gravity, which we discuss in detail 
here. We briefiy discuss some recent progress in understading these and other solutions, 
like topological black holes that represent black branes of the theory, and vacuum thin- 
shell wormhole-like geometries that connect two different asymptotically de-Sitter spaces. 
We also make some comments on solutions with time-like naked singularities. 



1 Introduction 



Why higher-curvature corrections? 

It is a common belief that General Relativity, despite its fabulous success in describing our 
Universe at middle and large scale, has to be corrected at short distance. In particular, the 
apparent tension between Einstein's theory and quantum field theory supports the idea that 
General Relativity is merely an effective model that would be replaced in the UV regime by a 
different theory, and such a new theory would ultimately permit us to make sense of what we 
call Quantum Gravity. The natural scale at which one expects such short distance corrections 
to manifestly appear is the Planck scale Ip, determined by the Newton's coupling constant 
G = ll/lQn. 

At present, the most successful candidate to represent a quantum theory of gravity is String 
Theory (or its mother theory, M-theory). In fact, one of the predictions of string theory is 
the existence of a massless particle of spin 2 whose dynamics at classical level is governed by 
Einstein equations 

R>.. = 0. (1) 

In addition, string theory also predicts next-to-leading corrections to ([1]), which would be 
relevant at distances comparable with the typical length scale of the theory Ig = Va'. These 
short- distance corrections are typically described by supplementing Einstein-Hilbert action by 
adding higher-curvature terms [3], correcting General Relativity in the UV regime. As a result, 
the stringy spin 2 interaction turns out to be finite, and this raises the hope to finally have 
access to a consistent theory of quantum gravity. 

To investigate black hole physics in higher-curvature gravity theories, the first question we 
have to answer is whether such theories actually induce short-distance modifications to the black 
hole geometry or not. Despite expectations that the inclusion of higher- curvature terms in the 
gravitational action yields modifications to General Relativity, it is not necessarily the case that 
such modifications manifestly appear in the static spherically symmetric sector of the space of 
solutions. In fact, as we will see below, Schwarzschild geometry usually resists modifications. 
In turn, first it is important to identify the theories of gravity that yield modifications to the 
spherically symmetric solution. 



Schwarzschild metric as a persistent solution 

To warm up, let us start by considering a very simple example of higher-curvature term. Con- 
sider the action 

S = J d^x^^ {R-2A + aR^) (2) 

which corresponds to Einstein-Hilbert action in four dimensions augmented with the square 
of the curvature scalar, where a is a coupling constant with dimensions of [a] =length^. This 
action is a particular case of the so-called /(i?)-gravity theories, which are defined by adding to 
the Einstein-Hilbert Lagrangian a function of the Ricci scalar f{R)- It is well known that f{R)- 
gravity theories are equivalent (after field redefinition that involves a conformal transformation) 
to General Relativity coupled to a scalar field 0, provided a suitable self-interaction potential 
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V{(f)) that depends on the function / (see |1] and references therein). In this sense, these 
theories are not different from particular models of quintessence. Here, we are interested in less 
simple models; however, let us consider ([2]) as the starting point of our discussion. 

A remarkable point is that the theory defined by action ([2]) admits (Anti-) de Sitter- 
Schwarzschild metric as its static spherically symmetric solution. In particular, when A = 
the theory still admits the Schwarzschild solution even for a 7^ 0, and it is due to the property 
Rfiu = 0. 

The theory defined by action ([2]) is not the only theory of gravity that admits Schwarzschild 
metric as a persistent solution. Actually, this is a rather common feature of theories with 
higher-curvature terms. In the case of quadratic terms in four dimensions this is an indirect 
consequence of the Gauss-Bonnet theoren|3- A second example we can consider is Einstein 
gravity coupled to conformally invariant gravity; namely 

S = j dS^g (^R-2A + c C^p.^C'^"^"^ , (3) 

where c is a coupling constant and Cafs^u is the Weyl tensor, whose quadratic contraction reads 

Ca/SfiuC"^^'^ = -R^ — 2i?o,^i?"^ -|- Ral3fj.vR°'^^'' ■ (4) 

The equations of motion associated to this action read 

R^y - ^RQf^u + Agt^u + cW^y = 0, (5) 

where W^^ is the Bach tensor, 

W^, = DR^,-^g^,DR~^V^V,R + 2R^p,^RP'' 

1 2 1 

--QfiuRpaR''" - -RRfiu + -^9tJ.uR ■ (6) 

It is easy to show that, when A = 0, Scwarzschild metric solves equations ([5]) as well. 
This follows from the fact that Bach tensor ([6]) vanishes if Ricci tensor vanishes, and thus all 
solutions to General Relativity are also solutions of ([5]). 

Another example of a modified theory that admits Schwarzschild metric as a solution is the 
Jackiw-Pi theory |6j. This theory has recently attracted much attention It is defined by 
the action 

S = [ d^xV^ {r-2K + -^ *Rap,uR''^'') , (7) 



^The simplest pure gravitational theory that excludes Schwarzschild solution in four dimensions is a cubic 
contraction of the Weyl tensor In dimension D > A, and because the Kretschmann invariant R^j.uasR^'^''^ is 
independent from the quadratic scalars B? and R^^R^^ , quadratic deformation of Einstein gravity may exclude 
Schwarzschild- Tangherlini solution. 
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where the function ^ is a Lagrange multipher that couples to the Pontryagin density *Rai3^vR' 
constructed via the dual curvature tensor 



where Sp^j^i, is the volume 4-form. The inclusion of the non-dynamical field 9 comes from the 
fact that the Pontryagin density *Rai3fiuR°'^^'^ is a total derivative. Action (JTj) is often called 
Chern-Simons modified gravity; however, this has to be distinguished from the Chern-Simons 
gravitational theories we will discuss in the section 2. 

It is not hard to see that the equations of motion derived from action ([7]) are solved by 
the Schwarzschild metric. Actually, this is because the Pontryagin density *Rai3paR°'^''" of 
Schwarzschild metric vanishes. In contrast, Kerr metric has non- vanishing Pontryagin form, 
and thus it is not a solution of Jackiw-Pi theory. In fact, the rotating solution of this theory has 
not yet been found, and this represents an interesting open problem as the Jackiw-Pi theory is 
considered as a phenomenologically viable correction to Einstein theory. 

Summarizing, there are several models that, while representing short distance corrections 
to General Relativity, still admit the Schwarzschild metric as an exact solution. In particular, 
this implies that such models can not be the solution to problems like the issue of the black hole 
singularity. On the other hand, there are other models which, still being integrable, do yield 
deviations from General Relativity solutions even in the static spherically symmetric sector. In 
this paper we will be concerned with one of such models. We will study a very special case 
of higher-curvature corrections to Einstein gravity in higher dimensions, and we will see that 
substantial modifications to Schwarzschild solution are found at short distances. 

Higher-curvature terms in higher dimensions 

In addition to higher- curvature corrections to Einstein theory, string theory makes other strong 
predictions about nature. Probably, the most important ones are the existence of supersym- 
metry and the existence of extra dimensions. In fact, one of the requirements for superstring 
theory to be consistent is the space-time to have 9-1-1 dimensions; and we learn from our daily 
experience that six of these extra dimensions have to be hidden somehow. 

This digression convinces us that studying higher-curvature modification of General Rela- 
tivity in higher dimensions seems to be important to address the problem of quantum gravity, 
at least within the context of string theory. This is precisely the subject we will study here. 
More precisely, in this paper we will investigate how the string inspired higher- curvature cor- 
rections to Einstein-Hilbert action modify the black hole physics in the UV regime. This turns 
out to be a very important question since the black holes are known to be a fruitful arena to 
explore gravitational phenomena beyond the classical level. 

The prototypical example we will analyze is D-dimensional quadratic Lovelock Lagrangian. 
But, first, before introducing this theory, let us begin by considering a much more general 
example. Consider the action 





d^x^^ {R-2A + aR^ + fSR^^R'"^ + iRa/st^^R"'^'"') 



(8) 
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where the constants a, f3, and 7 are the couphng constants for each quadratic term. The field 
equations obtained by varying the action (jS]) with respect to the metric read 

= G^, + Ag^, + {(3 + 4-f)DR^, + ^{4a + (3)g^,DR+ (9) 
- (2a + /3 + 27) V^V.i? + 27/2^^„^i?,'^"^ + 2 (/3 + 27) + 
-A^R^aRJ' + 2aRR^, - ^ {aR^ + + ^R^p^sR^"''') g^. 

Action ([8]) is the most general quadratic action one can write down in D-dimensions. For 
Z) < 4, the Gauss-Bonnet theorem permits to fix 7 = without loss of generality. In D > 4, 
however, three quadratic invariants are needed to describe the most general Lagrangian of this 
type. 

For generic values of the coupling constants a, /? and 7, the equations of motion ([9]) are 
fourth-order differential equations for the metric (i.e. there are terms prportional to V^Vjy-R, 
□i? and \3R^u). Nevertheless, a remarkable property of ([8]) is that there exists one particular 
choice of the coupling constants a, (5 and 7 that results in the cancellation of all these higher 
order terms, yielding second order differential equations. It is easy to see that this choice is 
a = 7 = — /3/4, which only gives a non-trivial modification to Einstein theory for D > A. 
Actually, in D = 5 and D = 6 this choice corresponds to Lovelock theory (see f|T6|) below); 
namely 

Sl = J <fx^ {R-2A + a {R^ - m^pR""^ + Rap^.uR""^^")) (10) 

It is worth emphasizing that this choice of coupling constants that yields second order equa- 
tions of motion is unique (up to a free parameter a). This feature also holds in D dimensions, 
and is a consequence of a more general result known as the Lovelock theorem [1]. 

In this paper we will be mainly concerned with the theory defined by action ([8]) with 
a = 7 = —(3/4:. Besides the uniqueness of the choice = 7 = — /3/4, which already makes this 
model interesting in its own right, let us say that this is exactly the effective Lagrangian that 
appears in the low energy action of heterotic string theories in the appropriate frame (and in 
M-theory compactifications too). 

Higher-curvature terms from string theory effective action 

Now, let us sketch how the five-dimensional Lovelock theory arises in the low energy limit of 
M-theory (and, consequently, of string theory) when the theory is compactified from IID (resp. 
lOD) to 5D. 

M-theory is supposed to be an extension of string theory; a fundamental theory that, in 
certain regime, would fiow to string theory [8j. 

This Mother-theory, if it exists, is yet to be found; nevertheless, we do know what it has 
to look like in certain low energy limit: it has to look like eleven-dimensional supergravity 
augmented with higher-curvature terms. That is, the bosonic sector of the M-theory effective 
action is given by the graviton g^j^^ (i.e. the metric) and the 3-form gauge field A^^p (with field 
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strength F^j^po- = ^d[^Ai^p(j]). Including the pure gravitational fourth order corrections 
this effective action takes the forni [9] 



^1 
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where the ellipses stand for the fermionic content and higher-order contributions. These higher 
order contributions include terms like and also couplings of the form 0{A i?^); we will 

not consider these terms here. However, let us mention that the existence of the terms in 
the action above are related to the terms 0{A i?^) through supersymmetry, although indirectly. 

The tensor t'^i---'^8 in the third line of (JTTi) is defined in terms of the way it acts on antisym- 
metric tensors of second rank, namely 

t^^'^-'^«i?,,,,i?,3.4^.s.a^.7.B = 24tr(i?^) - 6tr(i?2)^ 

where tr(i?") refers to the trace of B^. 

The term in the fourth line in f|TT]) is actually one of the terms that appear in the Lagrangian 
of Lovelock theory (see f|T6l) below, where this term is expressed in an alternative way). In 
contrast, the term in the third line, which is of the same order, does not correspond to a term 
in the Lovelock theorj{§. 

A string theory 0{R'^) contribution similar to that of the third and fourth lines of (fTTj) also 
appears in ten dimensions [3j. This can be written as followfl 



j d'^y^iiR^^^'^^R^.^fsY + 2R^,,^R'^''''^R^p^sR^'f^'' - SR^^^^R^^sR'"^^ R 



5a 
pa 



— 16R^'^°'^ R^uafsR^'^^^ RpaS^ + ^QR^^^^ RpuapR^"^^ Rpa-yd + ^^R'^""'^ R^yapR^^^S-y-^^^p) ■ 

Now, let US analyze what happens when the M-theory effective action we discussed above 
(including the higher- curvature terms (9(i?^)) is compactified to five dimensions. Let us assume 



^The eleven-dimensional Newton constant is given by the Planck scale G(ii£i) = 2ttH'p. 

•^Actually, while second-order terms of heterotic string theory expressed in a particular frame agree with 
the second-order term of the Lovelock theory, the fourth-order terms of Type IIA and IIB string theories (and 
M-theory) do not agree with the fourth-order term of the Lovelock theory. 

^Compactifying to four dimensions gives raise to the higher-curvature correction 

j d^X^ ((*i?a;3^.i?"^'^")' + {RaPpuR''^'"'] 

See [lOj for a recent discussion on these quartic terms in four dimensions. 
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we reduce from IID to 5D by compactifying six of the eleven dimensions in compact Calabi- 
Yau (CYg) threefold. In that case, the effective action of the five-dimensional theory takes the 
form [m 112] 




where we used units such that G(5d) = l/167r, and where the coupling c^2)^^ ^ quantity that 
depends on the details of the internal CYg manifolclfl. 

In turn, we see that quadratic terms in (fT2l) come from the 0{R^) term^of (fTTl) . We observe 
that action ( fT2l) resembles a particular case of (IHl), namely the case D = 5 with a = 7 = — /3/4, 
identifying 0^2) V/- = 16a;. This is precisely the theory we will study in this paper: the most 
general quadratic theory of gravity with equations of motion of second order, which, as we 
have just seen, arises as Calabi-Yau compactifications of M-theory. We already mentioned 
that a quadratic action similar to f[T2]) also appears in the 1-loop corrected effective action 
of heterotic string theory. Written in the Einstein frame, the coupling of higher-curvature 
terms in the heterotic effective action is given by a ~ a'e"^, where the dilaton field clearly 
contributes. Black holes solutions in dilatonic Einstein-Gauss-Bonnet theory were studied in 
Refs. [11[T51[I6]. 



Higher-curvature terms in AdS/CFT correspondence 

Because an action like (IT^ also appears in the effective action of the heterotic string, it is also 
usually referred to as "string inspired higher-curvature corrections". In turn, it represents a 
nice model to explore the effects of next-to-lading contributions of string theory to gravitational 
physics. In particular, this five-dimensional (Lovelock) model of gravity was recently considered 
in the context of AdS/CFT holographic correspondence [17]. Actually, one of the applications 
of the Lovelock theory to AdS/CFT that has attracted attention recently was that of showing 
that the so-called Kovtun-Son-Starinets bound [TSldn] may be violated in a theory that contains 
higher- curvature corrections. The Kovtun-Son-Starinets bound (KSS) is the conjecture that 
states: the ratio between the shear viscosity r] to the entropy s of all the materials obey the 
universal relation 

s Air 

In Refs. [20I [2T[ [22] it was observed that when action ([8|) with a = 7 = — /5/4 and 
A = — < is considered in asymptotically locally AdSs space, then the conformal field 



^ More precisely, c-^^^) the components of the second Chern-class of the 6D Calabi-Yau space, while 
are the so-called scalar components of the vector multiplet, which are proportional to the Kahler moduli of 
the Calabi-Yau; see also [13]. The quantity 0^(2)^1 given by the integral of the 6-dimensional extension of 
the 4-dimensional Euler characteristic over CYg, namely c^(2)^i ^ IcYe d-^ui^^ + Rp.i'pjR^'^''^ ~ ^RiivR^'^)- In 
addition, the dimensional reduction of terms 0{R'^) gives raise to other corrections, like the shifting of the 
coefficient of the Einstein-Hilbcrt term. 

^Let us be reminded of the fact that M-theory effective action also has other terms of the form 0{AR^) ~ 
AA(Tri?4- i(Tri?2)2)^ 
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theory (CFT) that would be dual to such a theory of gravity would satisfy 



^-ifl-Sl (14) 



An V 3/2 J 

what then would violate (1131) for a > 0. Therefore, the KSS bound would be violated for all 
the CFTs with a Einstein-Gauss-Bonnet gravity duals with positive a, and this is precisely the 
sign of a that comes from string theory. 

The consideration of five- dimensional Lovelock theory as a working example to study the 
effects of including higher-curvature terms in AdS/CFT has been an active line of research in 
the last years. Just recently, very interesting papers discussing the interplay between causality 
and higher- curvature terms in the context of AdS/CFT appeared [231 [2^ : Ref. [21] considers 
the case of D = 5 Lovelock theory. Causality in the dual CFT constrains the value of the 
coupling of the quadratic Gauss-Bonnet tern{]. The causality bound comes from demanding 
that the recidivist gravitons that hit back the boundary after a bulk excursion do not spoil 
locality in the CFT. The permitted range for the coupling a turns out to be 

7f 271' 

< a < (15) 

12 100 ^ ' 

The value a = 3/^/4 (i.e. A = 1/4), which is not in this range, corresponds to the Chern- 
Simons theory of gravity, which we will discuss in section 2. At this value, the ration rj/s would 
vanish (if it were the case that the theory at A = 1/4 has a dual description tocl^)- 

Other works discussing higher-curvature actions in the context of AdS/CFT appeared re- 
cently. See for instance [25], where holographic superconductors in five- dimensional Lovelock 
gravity are considered, showing that higher- curvature corrections affect the condensation phe- 
nomenon. Besides, the 0{R') corrections in the non-relativistic version of AdS/CFT [2HI U7\ 
were also studied, and the D = 5 Lovelock theory is also used in Ref. [26] as the working 
example for illustrating the renormalization of the dynamical exponent z. Let us now move to 
discuss Lovelock theory in detail. 



The Lovelock Theory of Gravity 

Lovelock theory is the most general metric theory of gravity yielding conserved second order 
equations of motion in arbitrary number of dimensions D. In turn, it is the natural gener- 
alization of Einstein's general relativity (GR) to higher dimensions [H [2]. In three and four 
dimensions Lovelock theory coincides with Einstein theory [29j, but in higher dimensions both 
theories are actually different. In fact, for D > 4 Einstein gravity can be thought of as a 
particular case of Lovelock gravity since the Einstein- Hilbert term is one of several terms that 
constitute the Lovelock action. Besides, Lovelock theory also admits other quoted models as 
particular cases; for instance, this is the case of the so called Chern-Simons gravity theories, 
which in a sense are actual gauge theories of gravity. 

^It is usual to define the dimensionless parameter A = — Aa/S. In terms of tliis parameter, tlie permitted 
range reads -7/36 < A < 9/100. 

^We tlrank D. Hofman and J. Edelstein for conversations about the case A = 1/4. 
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On the other hand, Lovelock theory resembles also string inspired models of gravity as its 
action contains, among others, the quadratic Gauss-Bonnet term, which is the dimensionally 
extended version of the four-dimensional Euler density. This quadratic term is present in 
the low energy effective action of heterotic string theory [301 ED [22], and it also appears in 
six-dimensional Calabi-Yau compactifications of M-theory; see [13] and references therein. In 
[53] Zwiebach earlier discussed the quadratic Gauss-Bonnet term within the context of string 
theory, with particular attention on its property of being free of ghost about the Minkowski 
space. Besides, the theory is known to be free of ghosts about other exact backgrounds [M] . 
For a nice and concise review on stringy corrections to gravity actions [35l [361 [37] see the 
introduction of [38] and references therein. For interesting recent discussions on higher order 
curvature terms see [131 [101 [2S1 SOI E] and related works. 

The Lovelock theory represents a very interesting scenario to study how the physics of 
gravity results corrected at short distance due to the presence of higher order curvature terms 
in the action. In this paper we will be concerned with the black hole solutions of this theory, 
and we will discuss how short distance corrections to black hole physics substantially change the 
qualitative features we know from our experience with black holes in GR. So, let us introduce 
the Lovelock theory. 

The Lagrangian of the theory is given as a sum of dimensionally extended Euler densities, 
and it can be written as followcl [H [2] 

t ^ n 

n=0 r=l 

where the generalized Kronecker 5-function is defined as the antisymmetric product 

Each term TZ"^ in (fT6|) corresponds to the dimensional extension of the Euler density in 2n 
dimension^, so that these only contribute to the equations of motion for n < D/2. Conse- 
quently, without lack of generality, t in (fT6|) can be taken to be D = 2t for even dimensions 
and D = 2t + 1 for odd dimension^. 

The coupling constants a„ in ( JT6l) have dimensions of [length] although it is convenient 
to normalize the Lagrangian density in units of the Planck scale ai = {16nG)^^ = ij^^. 
Expanding the product in f|T6|) the Lagrangian takes the familiar form 



C = V^{ao + aiR + a2 {R^ + Ro.p^.R'^''^'' - m^uR^") + a^.OiR')), (18) 

where we see that coupling corresponds to the cosmological constant A, while a„ with n >2 
are coupling constants of additional terms that represent ultraviolet corrections to Einstein 



'Here we are ignoring the boundary terms. We will consider these terms in section 2. 

(-)"+ir(2r»+l) 
2^+"7r"r(n+l) 



^°The 2n-dimensional Euler density x is given by x(M) — 2:i+r.^,fr(^"+n /m where, again, we 



are not considering the boundary terms. 

^"'^See IH] for a related discussion on gravitational dynamics and Lovelock theory. 
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theory, involving higher order contractions of the Riemann tensor R""^ In particular, the 
second order term TZ^ = + Ra/SfiuR"^^^ — 4:Rfj^^R'^'^ is precisely the Gauss-Bonnet term 
discussed above. The cubic term^l still has a moderate form [43j , namely 

= R^ + mR^'^'f'Ra^p^, - URR^-'R^, + 24i?''"°^i?„^i?^, + 16R^''R,aR'^ + 

+24i?^'^"'3i?„^,,/2^ + m^^pR'^^^^R'^p + 2/?,^p.i?'^'^"^/2^';,. (19) 

The fourth order term 7^^ coincides with the pure gravitational term in the last line of (11 II) . 

Even though the way of writing Lovelock action in its tensorial form (fT8l) - (fT9l) may result 
clear to introduce the theory, it is not the most efficient way for most of the calculations one 
usually deal with. A more convenient way of working out these expressions is to resort to 
the so-called first-order formalism, which turns out to be useful both for formal purposes and 
for practical ones. Nevertheless, it is important to point out that the first-order formalism is 
not necessarily equivalent to the second-order formalism, so it should not be regarded merely 
as a different nomenclature. In the first-order formalism, both the vielbein e° and the spin 
connection uj"^^ are considered as independent degrees of freedom, and the torsion acquires in 
general propagating degrees of freedom |33]. It is only in the torsion-free sector where both 
formulations are equivalent; notice that the vanishing torsion condition is always allowed by 
the equations of motion; see [36], see also [17]. We will make use of the first-order formalism 
at the end of section 2, as it is almost unavoidable in the discussion of Chern- Simons theory. 
However, with the intention to make the exposition as friendly as possible, we will avoid abstruse 
notation in the rest of the paper. In any case, since we could not afford to give all the definitions 
necessary to introduce the subject, we will assume the reader is familiarized with basic notions 
of the theory of gravity and with the standard nomenclature. 

Overview 

The paper is organized as follows. In section 2, we analyze the spherically symmetric black hole 
solutions in Lovelock theory [IHl ED] ■ In five-dimensions this is given by the Boulware-Deser 
solution [33], whose most important properties we review. The special properties of electrically 
charged black holes [511 [52] are also briefiy discussed. In one of the subsections of section 2, 
we extend the analysis to those black objects whose horizon geometries correspond to more 
general spaces of constant (but not necessarily positive) curvature [33 [53]. These are the so- 
called topological black holes, which can be thought of as black brane solutions of the theory. 
Also, we briefiy review the most relevant features of the Lovelock black hole thermodynamics 
[S3] , focusing our attention on the quahtative features that have no analogue in GR. Throughout 
the discussion, the five-dimensional black hole of the Einstein-Gauss-Bonnet theory will serve 
as prototypical example. In section 3, we discuss the role of boundary terms [55j and the 
junction conditions these yield [561 (SHI [57] . We show how solutions with non-trivial topology 
can be constructed by a method of a geometric surgery. Particular attention is focussed on 
vacuum wormhole solutions recently found [511 [SO] • Finally, we study the spherically symmetric 

^^cf. [44j . where it was shown that no unambiguous cubic terms arise in string theory effective action; in 
particular, the Lovelock; cubic term is studied. Cubic terms are strongly constrained by supersymmetry. 
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solutions that develop naked curvature singularities. We study these naked singularities with 
quantum probes and show that, in spite of the divergence in the curvature, these spaces are 
well-behaved within a quantum mechanical context. 

2 The Lovelock black holes 

Spherically symmetric black hole solutions 

Let us first consider the theory in five dimensions. Since in D < 7 the TZ^ term does not con- 
tribute to the equations of motion, the five-dimensional Lovelock theory basically corresponds 
to Einstein gravity coupled to the dimensional extension of the four dimensional Euler density, 
i.e. the theory that is usually referred as Einstein- Gauss-Bonnet theory (EGB). The spherically 
symmetric static solution of EGB theory was obtained by Boulware and Deser in Ref. |34j . 
The metric takes the simple form [61] 

ds^ = ~V\r)de + V-^{r)dr^ + r^d^l (20) 

where dVt\ is the metric of a unitary 3-sphere, and where the metric function V'^{r) is given by 

with cr^ = 1. Here we used the standard convention a^/ai = — 2A, a2/«i = a, and, besides, we 
have set the Newton constant to a specific value for short. From fl?I]) we notice that there exist 
two different branches of solutions to the spherically symmetric ansatz (120!) . namely a = +1 
and a = —1, and this reflects the fact that the equations of motion give a differential equation 
quadratic in the metric function V'^{r). As usual, the parameter M arises here as an integration 
constant, and it corresponds to the mass of the solutiorj^. up to the factor we absorbecl^ in 
M. 

It is worth mentioning that fl20|) - fl2Tl) is the most general spherically symmetric solution to 
EGB theory, provided the fact that the metric is smooth everywhere and that the parameters A 
and a are generic enough. In turn, a Birkhoff theorem holds for this model [771 EHl |79l [5]. It is 
important to emphasize that for very particular choices of the set of parameters a„, degeneracy 
in the space of solutions can appear, and in those special cases the Birkhoff 's theorem can be 
circumvented; see [78j for a very interesting discussion. To our knowledge, the most complete 
analysis of the EGB analogue of Birkhoff 's theorem was performed in [70|, where the Nariai-type 
solutions [80] where also discussed. 

If a > 0, the solution corresponding to cr = — 1 in (12T]) may represent a black hole solution 
whose horizon, in the case A = 0, is located at = a/2(M — a). On the other hand, as long 

^•^For the discussion on the computation of charges in this theory see the hst of references [62l |64l IMl EH IMl 
[SaiMllMlliniES]; see also [7311741 [7511761 flM] . 

^■*More precisely, in the definition of M we absorbed a factor (j_2^q^ ^ where fin = ^"r((^n+3)/2) is the 
surface of the n-sphere, and where G is the Newton constant, given by G ~ a^^, which has been fixed to a 
specific values such that ai — 1. 
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as a > and M > 0, the branch a = +1 has no horizon but presents a naked singularity at 
r = 0. 

Solutions 0" = — 1 and a = +1 have substantially different behaviors, and only one of them 
tends to the GR solution in the small a limit. In fact, in the limit a — > the branch a = —1 
looks like 

Kl-iW^l- — -7^r^ (22) 

where we see it approaches the five-dimensional (Anti)-de Sitter-Schwarzschild-Tangherlini so- 
lution [81]. On the other hand, in the o; — limit the solution corresponding to the branch 
a = +1 behaves like 

9.x 2M A , 1 . 

V.U,ir)c^l + — + -r' + -r', (23) 

and we see it acquires a large effective cosmological constant term ~ r"^ /2a. In particular, this 
implies that microscopic (A)dS space-time is a solution of the theory even for A = 0. This 
feature was expressed by Boulware and Deser [31] by saying that EGB theory has its own 
cosmological constant problem, with Aefr ~ — In a sense, the branch a = +1 is commonly 
believed to be a false vacuum of the theory, and it is known to present ghost instabilities |34j : 
see also [52] . 

The branch a = —1, on the other hand, is well-behaved, and it represents short distance 
corrections to GR black holes (!22|) . While at short distances the black hole solutions of both the- 
ories are substantially different due to the effects of the Gauss-Bonnet term, in the large distance 
regime » a the Lovelock black hole fl2Up with cr = — 1 behaves like a GR black hole whose 
parameters M and A get corrected by finite-a subleading contributions 0{aA); for instance, 
the parameter of the mass term gets corrected yielding the effective mass M^l + 4aA/3. In 
the large r limit, the next-to-leading r-dependent contribution to fl22|) goes like 0{ar'^). 

The damping of this additional term, which in D dimensions goes like 0{ar^~'^^), is actually 
strong, and, for distance large enough, it is negligible even in comparison with semiclassical 
corrections to the metric due to field theory backreaction, which typically go like 0{hr^~'^^) 
(for instance, see [S3])- 

All these features are essentially due to the nature of the Gauss-Bonnet term, and also hold 
in higher dimensions. In fact, it is straightforward to generalize solution (!20!) to the case of 
EGB gravity in D > 5 dimensions, and the metric is seen to adopt a very similar form |34j . 
Actually, it is given by simply replacing the element of the 3-sphere in f l20l) by the element of 
the unitary (D — 2)-sphere dVL\,_2, and by replacing the piece 16Ma/r^ in fl2T]) by lQMa/r^~^. 

In spite of the non-polynomial form of fl2Tl) . the horizon structure of Boulware-Deser solution 
is quite simple, and in D dimensions the horizon location is given by the roots of the polynomial 

^^D-i _ _ 2ar^-^ + 2M = 0, (24) 
6 

where A has been appropriately rescaled by a D-dimensional constant factor. 

From flMl) we observe that the five- dimensional case is actually a remarkable example since, 
among other special features, it allows to have massive solutions with naked singularities. We 
mentioned above that if D = 5 and A = the black hole horizon is located at ri = 2(M — a). 



11 



and this implies a lower bound for the spherical solution not to develop a naked singularity, 
namely M > a. That is, for < M < a we do find naked singularities even for the well-behaved 
branch a = — 1 with positive M. For the model with a second order term TZ^ this only occurs 
in D = 5. In seven dimensions, for instance, the Boulware-Deser solution with A = develops 
horizons at = a^Jl + 2M / — a and then the horizon always exists provided a > 0, M > 0. 
Naked singularities m D = 2n + l dimensions usually arise when a term of order 7^" is present 
in the action. So, for the EGB theory this only occurs for D = 5. 

Another special feature of the (uncharged) five- dimensional case is that the metric fl20l) 
turns out to be finite at the origin, namely V^^^g^ = 1 + o\/ Mja. Nevertheless, the curvature 
still diverges at the origin, although not in a dramatic way. We will return to this point in the 
last section where we will discuss naked singularities. 

It could be important to mention that the analysis of the dynamical stability of EGB black 
holes is also special for Z) = 5. The stability analysis under tensor mode perturbations has 
been explored recently, and it has been shown that the EGB theory exhibits some differences 
with respect to Einstein theory; at least, it seems to be the case for sufficiently small values of 
mass in five and six dimensions [84] where instabilities arise; see also Refs. [85l [87l [86| [88] . In 
this sense, the cases D = 5 and D = 6 are special ones. See Ref. [89] for an interesting recent 
discussion. On the other hand, let us be reminded of the fact that in D > 6 dimensions the 
Lovelock action (fT6!) presents also additional terms of higher order n > 2, so that in D > 7 
the Boulware-Deser black hole geometry (!20|) - (pT|) only corresponds to a very special example 
of Lovelock black hole. 

Spherically symmetric solutions in higher dimensions containing an arbitrary higher order 
terms 7^" in fll6p can be implicitly found by solving a polynomial equation of degree n whose 
solutions give the metric function \^^(r); this was originally noticed by Wheeler in [l9l [50] . 
Moreover, several explicit examples containing arbitrary amount of terms 7^,7^^,... 7l"'~^,Tl^ 
are also known. These correspond to particular choices of the couplings a„ in f[T6|) . One of 
these explicitly solvable cases corresponds to the Chern-Simons theory, which exists in odd 
dimensions. We will briefiy discuss this special case below. A remarkable fact is that in the 
case a term TZ^ of the Lovelock expansion (fT6!) is considered in the action, then the spherically 
symmetric solution may still take a very simple expression, and, depending on the coupling 
constants it may merely correspond to replacing the square root in ([21!) by a power 1/n; 
see [Sni [SI [SI [S3] for explicit examples. 

Adding electric charge 

On the other hand, it is quite remarkable that electrically charged black hole solutions in 
Lovelock theory also present a very simple form. The solutions charged under both Maxwell 
and Born-Infeld electrodynamics have been known for long time [STl [52] , and these solutions 
were reconsidered recently |94j. In general, the metric function of a charged solution takes 
the form fl^Tl) but replacing the mass parameter M by a mass function M(r) that depends on 
the radial coordinate r. Function M(r) depends on the particular electromagnetic Lagrangian 
one considers. In the case of Maxwell theory, and in five dimensions, this function is given by 
the energy contribution M(r) ~ f^dr Q'^/r^ ~ —Q'^jr^ + Mq, where Q represents the electric 
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charge of the black hole, and where the UV cut-off in the integral is absorbed in the definition 
of the additive constant Mq. More precisely, for charged black holes in Einstein-Gauss-Bonnet- 
Maxwell theory we have M(r) — Mq = — Q^/6r^, as it was originally noticed by Wiltshire |51j . 
On the other hand, in the case of black holes charged under Born-Infeld theory, the function 
M(r) is given by 

M(r) - Mo = ds^s^ + r^Q^ - (25) 

where the is the Born-Infeld parameter, according to the standard form of the Lagrangian 

Cbi = + F'^/p^. In the large /? limit Cbi ^ + 0{Fyp^), and then the metric 

approaches the charged solution for the Maxwell-Einstein-Gauss-Bonnet theory, 

M(r) - Mo ^ + O(gVrV')- (26) 

As expected, the five-dimensional Reissner-Nordstrom black hole is recovered in the large r 
regime for the case a = —1. 

Charged solutions of Lovelock theory coupled to Born-Infled electrodynamics present curious 
features that are not present in the case of Einstein-Maxwell theory. Perhaps the most relevant 
one is the existence of single-horizon charged solutions [94] • Besides, Lovelock black holes 
charged under Maxwell electrodynamics, and for certain values of the coupling constants a„, 
can develop curvature singularities at fixed values of the radial coordinate [93], making necessary 
to exclude a region of the space. This kind of divergence is usually called branch singularity, 
and it can also be present in uncharged solutions, as it happens for solutions of EGB gravity 
with M < and a > 0, [96]. 

As in the case of Hoffmann's solution in Born-Infeld-Einstein [97j theory, the Lovelock black 
holes charged under Born-Infled theory induce a contribution to the mass coming from the finite 
concentration of electromagnetic energy around the singularity. Of course, this happens because 
both theories coincides at large distances. For finite values of (3, M{r) has a large distance 
behavior that induces a mass contribution AM = {2p^/3) dr ^/ + f3~^ . In particular, 
this implies that, for certain range of (3 and Q, naked singularities in five dimensions may arise 
even for values of the effective mass Mo -|- AM grater than a. Notice that the cosmological 
constant term also acquires a /3-dependent contribution ~ 

In the next subsection we will consider a generalization of the black hole solutions reviewed 
here. We will discuss extended black objects in EGB theory. 

Topological black holes 

One of the interesting aspects of Lovelock theory is that it admits another class of black objects, 
whose horizons are not necessarily positive curvature hypersurfaces (52] • These solutions are 
usually called topological black holes, and their metric are obtained by replacing the {D — 2)- 
sphere dQj^_2 in fl20l) by a base manifold dT!jj_2 of constant (but not necessarily positive) 
curvature, provided a suitable shifting in the metric function V'^{r). Namely, these solutions 
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ds^ = -K\r)de + K-\r)dr^ + r^d^l_^ (27) 

where the metric function is now given by K'^{r) = V'^{r) + k — 1, with k = —1, 0, +1, being 
its sign that of the curvature of the horizon hypersurface, whose hne element is r^(iS|,_2. For 
k = +1 the Boulware-Deser solution (120|) - (12T]) is recovered. In general, the base manifold 
(iS|,_2 here may be given by a more general constant curvature space: For instance, it can be 
given by the product of hyperbohc spaces (iS|)_2 = dH])_2 the case of negative curvature 
k = —1, or merely by a flat space piece (iS|,_2 = dxidx^. In turn, solutions fl271) correspond to 
black brane type geometries. Such black objects represent fibrations over constant curvature 
[D — 2)-dimensional hypersurfaces, implying that the event horizon, in the cases it exists, is 
not necessarily a compact simply connected manifold. 

Consider for example the five- dimensional EGB theory with negative cosmological constant 
A < 0, and its black brane solution of the form 

ds'^ = -K'lk=o){r)dt^ + K-i^^{r)dr^ + r^dx'dxi (28) 

with 

^U^r) = ^ - /^(l-4|A|a./3) + ^. (29) 

where ^. These objects (brane-like configurations and topological black holes) have 

attracted some attention recently due to their curious properties, and, more recently, these were 
considered in applications to AdS/CFT; see for instance [2T| [22]. 

In [98], an exhaustive classification of static topological black hole solutions of five- dimensional 
Lovelock theory was presented. The authors considered an ansatz such that spacelike sections 
are given by warped product of the radial coordinate r and an arbitrary base manifold dT,jy_2, 
and they showed that, for values of the coupling constant a2 generic enough, the base manifold 
must be necessarily of constant curvature, and then the solutions of the theory reduce to the 
topological extension of the Boulware-Deser metric of the form (l27|l . In addition, they showed 
that for the special case where the coupling a2 is appropriately tuned in terms of the cosmo- 
logical constant ao, then the base manifold could admit a wider class of geometries, and such 
enhancement of the freedom in choosing dTjj-)_2 allows to construct very curious solutions with 
non-trivial topology. We will return to this point in section 2. 

The existence of black holes with generic horizon structure was also analyzed in p9] , where 
selection criteria for the base manifold dTi]^_2 were discussed^, and the authors concluded that 
sensible physical models strongly restrict most of the examples of exotic black holes with non- 
constant curvature horizons. Moreover, the different horizon structures were also studied in 
[m [96] together with its relation to the asymptotic behavior of the corresponding solutions; see 

-"^^These are analogues of the topological black holes previously known in four-dimensions, which, at constant 
t hypersurfaces, correspond to fibrations of (closed) base manifolds S2/r with non-trivial topology. 

^^The authors of [99| derived a necessary constraint to be obeyed by the Euclidean manifold that is candidate 
to represent a horizon geometry of a black hole solution in D-dimensional Einstein-Gauss-Bonnet theory. They 
proved that such a D — 2-manifold has to obey the equation Cj^["^Ci^ oc 5{, where C/^,; is the Weyl tensor in 
D — 2 dimensions. 
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also |1U0[ I102[ [T(M llU4j . Recently, the electrically charged topological black hole solutions 
were also analyzed, both for the case of the second order Lovelock theory in [551 HUU] and for 
the case of the third ordei0 Lovelock theory in |103j . 

One of the most interesting aspects of these objects with non-trivial horizon geometries is 
that they enable us to construct a very simple class of Kaluza-Klein black holes with interest- 
ing properties from the four- dimensional viewpoint. For instance, such a solution was recently 
studied by Maeda and Dadhich in Ref. |112] . These Kaluza-Klein black holes are given by a 
product M4xH£)_4 between a four-dimensional manifold M4 and a (Z) — 4)-dimensional hyper- 
bolic space H£)_4. It turns out that the four-dimensional piece of the geometry asymptotically 
approaches the charged black hole in locally AdS4 space. In turn, the Gauss-Bonnet term acts 
by emulating the Reissner- Nordstrom term for large r, while it changes the geometry at short 
distances |113[ 11141 1115j . In addition to these solutions, other exotic Kaluza-Klein Lovelock 
black hole solutions with arbitrary order terms of the form TZ^ and for a specific values of 
the coefficients an were studied in |1T6] . These black holes are different from those studied in 
[112] . and are obtained by considering black p-hiane geometries of the form M/j.pXT^ in the 
Lovelock theory with = and 2n = D — p. These solutions exist for D — p even, and, 
in addition, the horizon structure also depends on n. Analogous toric compactifications of the 
form Mij_pXTP were studied in |117] . and warped brane-like configurations were also discussed 
in both [116J and [117j . 

It was shown in |116j that, in spite of the difference between Lovelock theory and Einstein 
theory, the qualitative features of thermodynamic stability of brane-like configurations in both 
theories are considerable similar, although the higher order terms 7?." can be seen to contribute. 
For example, the thermodynamical analogue of Gregory-Lafiamme transition between black 
hole and black string configurations was discussed in [116j. Extended string- like objects in 
Lovelock theory and their thermodynamics were also discussed in |118[ I119^ I154j . We discuss 
black hole thermodynamics in the next subsection. 

Thermodynamics 

The purpose of this section is to describe the general aspects of black hole thermodynamics in 
Lovelock theory. In fact, one of the most interesting features of the Lovelock theory regards 
the thermodynamics of its black hole solutions. This is because it is in the analysis of the black 
hole thermodynamics where the substantial differences between Lovelock theory and Einstein 
theory manifest themselves. 

Pioneer works where the Lovelock black hole thermodynamics was discussed in detail are 
references |12m 1121] : see also |122[ I123[ 1124] . In Jacobson and Myers derived a close 
expression for the entropy of these solutions in D dimensions, and they showed that the entropy 
of these black holes does not satisfy the area law, but contains additional terms that are given 
by a sum of intrinsic curvature invariants integrated over the horizon. 

The thermodynamics of charged solutions was originally studied by Wiltshire in Refs. [511 
[52] , while the thermodynamics of topological black holes was studied more recently, in Refs. 

^'^Recently, references |106i 11071 11081 11091 IllOi [TTT] discussed other classes of solutions. We will not comment 
on these solutions here. 
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|125[ SHI [S3] • The study of charged topological black holes in presence of cosmological constant 
was addressed in [126] , where the most general solution of this type in EGB theory was obtained. 
References |127l I128[ I129j also analyze topological black holes and their thermodynamics; see 
also [T02l[T30] . 

The aim of this section is to discuss the more relevant thermodynamical features of Lovelock 
solutions. To do this, we will consider again the five-dimensional case fl2n]) - fl^T]) . Actually, 
besides it represents a simple instructive example, the five-dimensional case is also special in 
what concerns thermodynamical properties. It is the best example to see that substantial 
differences between Lovelock gravity and Einstein gravity exist. 

It is easy to verify that the Hawking temperature associated to the solution in = 5 with 
A = is given by 

T = ^ ^+ (30) 
27r 4a + r2 ■ ^ ^ 

Then, we see that, as expected, ( 130|) behaves like the Hawking temperature of a GR solution 
if the black hole is large enough, r+ >> a, going like T ~ H/Sttt^ — 0{a/r^). On the other 
hand, temperature tends to zero for small values of r+, going like T ~ hr^^/STra + 0{r'^/a'^). 
This implies that the specific heat changes its sign at length scales of order r_|_ ~ y/a, and a 
direct consequence of this phenomenon is that five-dimensional Lovelock black holes turn out 
to be thermodynamically stable, as they yield eternal remnants. This can be easily verified 
by considering the rate of thermal radiation which goes like dfM ~ —T^r^, behaving like 
dt ~ —dr^/r'^ at short distances. 

Nevertheless, it is worth pointing out that for dimension D > 5 the functional form of the 
temperature is substantially different from the case D = 5, as it includes an additional term 
which is actually proportional to {D — 5). The general formula reads 



^ h {D- 3)rl + 2a{D - 5) ^^^^ 



which implies that, in D > 5, the short distance limit is given by T ~ (D — 5)/i/87rr+, and the 
specific heat is then negative. This is the reason why the thermodynamic behavior of higher 
dimensional Einstein-Gauss-Bonnet black holes turns out to be more similar to that in Einstein 
theory if D ^ 5. In general, eternal black holes arise in D = 2n + 1 dimensions if an n*'^-order 
term TZ"" is present in the action. 

So, let us return to our instructive example of five dimensions. The entropy associated to 
( 130|) is given by 

S = ^ + 0(ar+) r^rl + 12ar+, (32) 

from what we observe that black holes of Lovelock theory do not in general obey the Bekenstein- 
Hawking area law. Actually, some particular solutions, corresponding to topological black holes 
with fiat horizon geometry rfEg = dxidx\ do obey the area law jl3H 1130] . but it is not the case 
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for spherically symmetric static solutions. A very interesting discussion on the area IS 
that of Ref . [104] , where a version of the area law for symmetric dynamical black holes defined 
by a future outer trapping horizon was derived. There, the authors discussed the differences 
between the branches of solutions with GR limit and those without it, and argue how for the 
latter one still can define a concept of increasing dynamical entropy. 

Notice that the second term in the right hand side of (1521) implies that if a < then the 
entropy turns out to be negative for sufficiently small black hole^. This was discussed in |132j . 
where it was argued there that an additive ambiguity in the definition of the entropy could be 
a solution for the negative entropy contributions; see also the related discussion in [48j. In 
any case, the theory for negative values of the coupling constant a is somehow pathological 
in several respects. It not only gives negative contributions to the entropy, but also ghost 
instabilities and strange causal structure arise if a < 0. We will not consider the negative 
values of a here. 

Because of the current interest in black hole thermodynamics of higher order theories, we 
consider convenient to mention that the entropy function formalism, recently proposed by A. 
Sen |135j within the context of the attractor mechanism, works nicely for the case of Lovelock 
black holes. In particular, this was recently studied in |136j for the case of EGB black holes, 
and it was explicitly shown that (1521) is recovered by analyzing the near horizon geometry. A 
rather general analysis was presented in Ref. fl37\ . Very interesting discussions are those of 
Refs. [T38lfT39] . 

The thermodynamic properties of topological black holes are also very interesting; see for 
instance [1401 1130j . As we already mentioned, it can be shown that those black objects whose 
horizons are of zero curvature do obey the area law for the entropy density. For instance, con- 
sider the black brane geometry (l28l) . which is solution of the theory with negative cosmological 
constant, A < 0. It is straightforward to check that the Hawking temperature of this solution 
is given by 

T=-^\A\r^, (33) 

and that the area formula for the entropy density does hold in this special case. Remarkably, 
identical expression for the temperature is obtained in the particular case of the Chern-Simons 
theories of gravity, which we discuss in the next subsection. 

Chern-Simons black holes 

Now, let us move on, and analyze a very particular case of Lovelock theory which exist in 
odd dimensions. This is the so-called Chern-Simons gravity (CS), and can be thought of 
as a higher- dimensional generalization of the Chern-Simons description of three-dimensional 
Einstein gravity [141j . Basically, these theories are those particular cases of Lovelock Lagrangian 

^^In [105] other corrections to area law were studied. The authors thank S. Shankaranarayanan for pointing 
out this references to them. 

^^Refs. [1331 1134] discuss related features. The authors thank S. Odintsov for pointing out these references 
to them. 
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(fTB]) that admit a formulation in terms of a Chern-Simons action. As we will discuss, these 
models are given by a very precise choice of the set of coefficients a^- 

To discuss CS gravity theorieS it is convenient to resort to the first-order formalism which, 
in spite of its advantage, it is paradoxically avoided in physics discussions. So, let us first 
review some basic notions: Consider the vielbein e^, which defines the metric as g^v = ?7afee^e^, 
where we are using the standard notation such that the greek indices /i, i/, ... correspond to 
the space-time while the latin indices a,b, ... are reserved for the tangent space. Now, consider 
the 1-form associated to the vielbein, defined by = e^^dx^, and the corresponding 1-form 
associated to the spin connection o;^^, defined by uj""^ = uo'^^dx^. These quantities enable us to 
define the so-called curvature 2-form, which is given by 

R'^ = du''^ + uo"^ A u"^ = R'\^ dx" A dx" = \r^\^ (dx^'dx" - dx^dxf"), 

and is related to the Riemann tensor by W^^^^, = i]bc^a^'^p-R°'''iiu- The torsion-free condition is 
then given by 

= de" + ujlAe^ = 0. 

In this language, local Lorentz invariance of the theory is expressed in terms of the covariant 
derivative 

Sxujt = d\l + ulA\l-ulA A^, 5xe'' = -A^e^ (34) 

where represent the parameters of the transformation. 

The remarkable fact is that, for particular cases of the action (fT6ll . if the coupling constants 
are chosen appropriately, the theory exhibits an additional local symmetry. For instance, if we 
consider the case A = 0, such additional symmetry turns out to be given by the invariance of 
the Lagrangian density under the gauge transformation 

d^e'' = dX^ + ujIA A^ 6xul = 0. (35) 

That is, the CS theory possesses a local symmetry under gauge transformation 5^6° = 
d'^X + uj^fj^X^, with A" being a parameter. This is actually an off-shell local gauge symmetry 
of the theory (ITBI) that arises for special choices of the coupling constants a„, as far as the 
boundary conditions are also chosen in the appropriate way. Besides, it can be easily verified 
that transformation fl35l) . once considered together with flMl) . satisfies the Poincare algebra 
IS0{2, 1), and this is why these theories are usually referred as Poincare- Chern-Simons gravi- 
tational theories |144j : see also [16] for an excellent introduction to Chern-Simons gravity. 

So, let us specify which are the theories that possess the gauge symmetry likcj fl51|) - fl5S]) . 
namely the CS theories. To do this, first it is convenient to rewrite the Lovelock Lagrangian. In 
the first-order formalism, the Lovelock action corresponding to (fT6l) in D = 2t + 1 dimensions 
can be written as 

^"^It is worth pointing out that the CS theories we are referring to herein are different to those discussed in 
Refs. P^fng] , 

^-'^ Notice that, as mentioned, (|35p is the transofrmation that corresponds to the case A = 0. The analogous 
tranformation for the case ^ takes a shghtly different form, see [IBj . 
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S = J ea,b,a2b2...a,b,c /\[^^ {R^"'" + A c"") A (36) 

where correspond to t independent coefficients that are a rearrangement of the coefficients 
Oin- In ( l36!) . the convention is such that the t*^ couphng an=t has been set to 1 (or, alternatively 
speaking, it has been absorbed in the definition of the curvature i?"*), so that in this notation 
we have |A| ~ [iLi C^ and G'^ ~ Y!m=i Iln^mC^- 

It is worth noticing that, in order to represent the most general form of ( fT6l) . the coefficients 
in fl36|) should be allowed to take complex values. In fact. Lovelock action f|T6|) with real 
coefficients an can correspond to fl36|) with imaginary An example is given by the five- 
dimensional theory whose action reads S = J Sabcdf {R"'^ + A e^) A {^R^'^ — ip'^ A e°') Ae-^, 
which leads to the particular form of flTBl) where no Einstein-Hilbert contribution is present, 
but only the cosmological constant and the Gauss-Bonnet term appear, with a/A ~ for a 
real f3. 

The CS gravity theories, however, are given by real values of More precisely, CS theory 
correspond to the special case where the coupling in (136!) combine to give only one value for 
the effective cosmological constant Acfr = ±/~^. In terms of the Lagrangian density ( JT6l) this 
corresponds to taking the coupling constants to be a„ = (— l)"+^/^""^m!/((I? — 2n){m — 
?T,)!n!) for > 0, while ao is given by the cosmological constant A = — a;o/2«i. It is important 
to mention that fl36|l corresponds to the case of negative cosmological constant, which yields 
the CS theory with the AdSu group (i.e. the group SO{D — 1,2)) as the one that generates the 
gauge symmetry. The case of positive A is simply obtained by changing — Z^, while the 
Poincare invariant theory is obtained through the Inonu-Winger contraction of (A)dS group; 
see [l6] for details. An example of Poincare invariant CS is given by the Lagrangian containing 
only the quadratic Gauss-Bonnet ^—gR? term in five dimensions, without the Einstein-Hilbert 
term and with A = 0. 

As it is well known, an example of the CS gravity theory is given by three-dimensional 
Einstein theory, whose actioiQ, 

S = J d^x C = j rf^xv^ {R - 2A) , (37) 

admits to be formulated as a CS theory. To see this, and then extend the construction to higher 
dimensional cases, let us first point out that ( 1371) can be written as follows. 



S= / eabc(i? Ae'^-rVAe'Ae"), (38) 

with Ar^ 

It turns out that fl37|) - fl38|) admits to be formulated as a CS theory p.41j for the groups 
50(2,2), 5*0(3, 1) and 150(2, 1), depending on whether the cosmological constant A is nega- 
tive, positive or zero, respectively. To make contact with the usual form of the CS action, let 
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For simplicity here we have fixed the Newton constant according to IQttG = 1. 
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us introduce a. {D + l)-dimensional 1-form A"''' whose indices run over a,b = 0, 1, 2, 2t + 1 
(recall D = 2t + 1), and its strength field = dA"-'' + A"-^ A A'''', which are given by 

Aab _ ( ^"-^ eV/\ b _ / R"^ - l-'^e"' A e'> /"^ (de" + to"^ A e^)\ 

~ [-e'/l J' (rfe^ + u',Ae') J ' 

That is, A"'' = uj''^ for a, 6 = 0, 1, 2, 2t, while A"^ = -A^" = e^'/l for a = 0, l,2...2t. 
Analogously, F""^ = R"^ - /"^e" A for a, 6 = 0,1,. ..2t, while F"^ = -F^'^ = T"// for 
a = 0, 1,2, ...2t. 

Then, making use of these definitions, (l371) - (l38ll can be alternatively expressed in its Chern- 
Simons form 

S=! i:i{AAdA + \AAAAA), (39) 

where the trace is over the indices a, h that run from to 3 (corresponding to D = 3, i.e. t = 1). 
Local symmetry under (IMl) and (1351) is then gathered by gauge symmetry of ( l39ll . 

The next example we could consider is the five- dimensional one, which corresponds to the 
Lovelock theory f|T6|) for the particular case aoa2 = 3/2 (i.e. aA = —3/4). Then, the action 
reads 

rf^x £ = / d'xy^iR +--—{R + - m^^R,,)) (40) 

where A = — and a2 = 3/2ao = — 3/4A = 3/^/4. This can be also written as 

S = [ Sabcdf (i?"' A K'' + ^^i?"'' A A e'^ + -^e" A e'' A A e"^) A (41) 

and, again, it admits to be written in its Chern-Simons form 

S = ^ f Tr (A A (rfA)^' + - (A)^' AdA+- (Af^) (42) 
«^ Jms 2 5 

Actually, this structure goes on as D increases, and it expands a whole family of theories 
which, still being particular cases of Lovelock theory (fT6l) . represent odd-dimensional field 
theories with local off-shell symmetry under the (A)dS (or Poincare) group. 

Now, once we have introduced the theories, let us analyze their black hole solutions. Going 
back to solution (1201) . and considering again the five- dimensional case as an example, we observe 
that replacing the Chern-Simons conditioij^ ctA = —3/4 in the metric function fl2T|) leads to a 
rather different geometry, given by 

2 

V^r) = M with M + l = -a^Mja. (43) 

This solution still may represent a black hole, provided A/1 > 0, with the horizon located 
at r+ = 2^ M-jot. However, this is a black hole of a different sort. In particular, it does not 

^^It is helthy to consider the case a > and A < 0. 
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present a limit where GR is recovered, and this can be understood in terms of the condition 
a = — 3/4A in the following way: While the cosmological constant A introduces an infrared cut- 
off (the length scale 1 / \/|A|) where the cosmological term dominates over the Einstein-Hilbert 
term, the Gauss-Bonnet term introduces an ultraviolet cut-off (the length scale ^/a) where the 
quadratic terms dominate. Therefore, the condition a = — 3/4A basically states that in Chern- 
Simons theory both length scales are of the same order, and consequently there is no range where 
the Einstein-Hilbert term is the leading one. This explains why there is no range where (ll3l) 
approaches Schwarzschild-Tangherlini solution. This asphyxia of the Einstein-Hilbert term is a 
typical feature of Chern-Simons theories for D > 3, where a unique free parameter P appears 
in the action. 

The Hawking temperature associated to black hole solution (H3ll is given by 



T = = —\A\r+, (44) 

San ovr 

which in turn agrees with (l33|l . although now it corresponds to a spherically symmetric solution. 
As it is well known [1461 1145j in D = 3 formula (14^ agrees with the area law. 

Certainly, solution is reminiscent of the Banados-Teitelboim-Zanelli three-dimensional 
black hole (BTZ), which, after all, also corresponds to a CS black hole. In fact, this is not a 
coincidence, and regarding this, let us make a historical remark: It turns out that, even though 
one could imagine that CS black holes fHSl) were discovered as higher-dimensional extensions 
of the BTZ, the story was precisely the opposite: In 1992, Banados, Teitelboim and Zanelli 
discovered the BTZ as a particular case of a family of Lovelock black holes they were studying 
at that time [WlfTiginig] . 

The analogy between the BTZ black hole and those solutions for higher-dimensional CS the- 
ories was discussed in detail in ^94i|. In particular, it was emphasized there that five- dimensional 
solution P3|l shares several properties with its three-dimensional analogue. For instance, it is 
the case of their thermodynamics properties, which, after all, are actually encoded in the func- 
tion V'^{r). This is also why all CS black holes have infinite lifetime. 

Notice that the parameter Ai in Eq. (1431) plays the role that the mass M plays in the 
BTZ solution. Also, as in the three-dimensional case, the Anti-de Sitter space is obtained for a 
particular value of this parameter, namely M. = —1, and a naked singularity is developed for 
the range — 1 < < 0. 

In [23] the CS black holes and their dimensional extensions were exhaustively studied, 
together with their topological and charged extensions. There, a very interesting class of black 
holes was found by considering the particular choice of coefficients that leads to the (2t + 1)- 
dimensional CS theory, but dimensionally extending the action from D = 2t + 1 to D > 2t + 1. 
The metrics of such solutions are given by replacing the constant A4 in ( H3|) by the quantity 
1 — 7Wr*^^*+^~^)/*. A further generalization of the solutions of [HS] would be given by adding 
a volume term to the gravitational action, which in turn corresponds to shifting the coupling 
ao — > tto + but keeping the rest of a„>o tuned as they are in the {2t + l)-dimensional CS 
theory, given in terms of the length scale The solution for this case is given by replacing the 
constant M in by a term 1 - (r^* + Ar^* + A^r^^+^^-^j /P, where A + 1 ~ 6A/ao. These 
black holes do have a GR limit since now the cosmological length scale can be pushed away by 
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choosing SA appropriately. 

It is also important to mention that black hole solution fl43p is also a solution of the CS 
theory with torsion [T50l IT5n[T52] . 

The solutions of Chern-Simons theory are very special ones, and this is due to the fact 
that for that specific choice of the coupling constants the equations of motion of Lovelock 
theory somehow degenerate. In particular, it is remarkable that the obstruction imposed by 
Birkhoff-like theorems does not hold for CS theories. 

A word on spinning black holes 

Before concluding this section, a word on the spinning black hole case: The problem of finding a 
rotating solution in Einstein- Gauss-Bonnet gravity, which would generalize the Kerr's spinning 
black hole of GR, is a hard and still unsolved problem. Recently, it was proven in [153] that the 
Kerr-Schild ansatz does not work in Lovelock theory (except for very special cases as Einstein 
theory and Chern-Simons theory), and this manifestly shows how difficult this classical problem 
is. 

Nevertheless, despite the difficulty, some advances in this area were recently achieved: In 
|153j an exact analytic rotating solution was found for Chern-Simons gravity in five dimensions. 
This Einstein- Gauss-Bonnet solution, however, does not present a horizon, and thus it does not 
represent a black hole. Nevertheless, the numerical analysis of [154] supports the idea that 
rotating solutions actually exist. Besides, approximated analytic solutions at first order in the 
angular momentum parameter were found in |155j . Other solutions are known which represent 
rotating fiat branes; these are a simple extension of topological black holes with k = 0. 

Despite these recent advances, the problem of finding an exact analytic rotating black hole 
solution in Lovelock theory still remains an open problem. 

3 Including boundary terms 

In this section, we will discuss other constructions which, locally, coincide with the Deser- 
Boulware spherically symmetry metric. 

Wormholes 

The next class of solutions we would like to discuss is a class of vacuum solutions of Lovelock 
theory which represents wormhole geometries that connect two disconnected asymptotic regions 
of the space-time. Recently, several examples of such solutions were found |156l[60|l59lll57[ll58i 
11591 ll6Uj . describing vacuum wormholes with different asymptotic behaviors, and in different 
number of dimensions. So, the first question we might ask is: why do wormholes exist in 
Lovelock theory? 

The main reason why vacuum wormholes exist in a theory like (fT6!l is actually simple, and 
it can be heuristically explained as follows: Consider the equations of motion corresponding to 
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Lagrangian fll6l) . which can be always written as 

R^^ - ]^Rgf,u + ^g^,u -T^u = ^ (45) 

where the higher order terms act as an effective stress tensor that here we denoted T^y. In the 
case of EGB theory it reads 

—T^y = -g^u {RpaapR''"'^'^ — 4-Ra/3-R°'^ + R^) — 2RR^y + AR^pRI + RapR"'^^^ — 2R^al3pRi,°'^^y 

where, as usual, a = q;2/«i, 2A = — ao/«i- The key point is that this effective stress tensor 
T^y, thought of as a kind of matter contribution, can be shown to violate the energy conditions 
for a large enough. Actually, this does not represent an actual problem from the conceptual 
point of view since this "matter" is actually made of pure gravity. However, a consequence of 
this violation of the energy conditions is that Eqs. fHSj) allow the existence of vacuum wormhole 
solutions at scales of order y/a, unlike the case of GR, where solutions of this sort require the 
consideration of exotic matter. 

Furthermore, there is a second reason for such curious solutions to exist in Lovelock theory. 
As mentioned above, when the coefficients a„ in flTBl) correspond to the CS theory, the space 
of solutions experiments an unusual enhancement, which translates into a large degeneracy 
of the metric of spaces with enough symmetry. Roughly speaking, for such particular cases. 
Lovelock theory is somehow degenerated enough to admit metric with very special properties, 
and wormholes are some of them. 

Nevertheless, here we will focus our attention on wormhole solutions that exist in five- 
dimensional EGB theory without requiring the coefficients A and a to be those that correspond 
to CS theory. Therefore, the existence of such solutions, regarded as an anomaly, is ultimately 
attributed to the issue of the energy conditions mentioned above. 

Junction conditions 

The particular configurations we will consider are the so-called thin-shell wormholes, which 
correspond to connecting two regions of the space through a co dimension-one hypersurface 
that plays the role of the wormhole throat. For such a geometry to be constructed, we have to 
make use of the junction conditions of the EGB theory [551 EO]- In particular, we will consider 
the configuration of two Boulware-Deser spaces connected through a hypersurface on which 
the induced stress-tensor vanishes. Such geometries are not possible in GR, where wormholes 
require the energy conditions to be violated on the thin-shell. However, in Lovelock theory, and 
because of the higher order terms, spherically symmetric vacuum wormholes with positive mass 
can be constructed, as shown by Gravanis and Willison in [59]. Let us review the procedure 
here. 

Let E be a four- dimensional timelike orientable hypersurface of codimension one, whose 
normal vector is denoted by n^. Suppose S separates two regions of the space, which we call 
Aij and A^//. Then, junction conditions read 

{Kij - Khij)^ + 2a (3J,, - Jhij + 2P,kijK^')^ = SnSij (46) 
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where (X)^ denotes the jump of the quantity X across the hypersurface S, which means 
(X)^ = X\j^ i^lu where the sign ± depends on the relative orientation of the regions. Above, 
tensor Sij represents the induced stress-tensor on the hypersurface S, in complete analogy with 
the Israel junction conditions in Einstein theory. In fact, we see that the first two terms in (H6l) 
actually correspond to the Israel junction conditions constructed with the extrinsic curvature 
and its trace K. In addition, the junction conditions corresponding to the EGB theory 
contains contributions cubic in the extrinsic curvaturj^. 

J,, = ^{KuK^'Ki, + 2KKikK'j - K^K,, - 2KikK'''Ki,), (47) 
and also contributions that involve the Riemann curvature tensor of the hypersurface 

Pijki = Rijki + Rjkhii — Rjihik + Riihjk — Rikhji + —Rhikhji — -Rhiihjk- (48) 

The notation used here is such that latin indices i,j,k,l refer to coordinates on the four- 
dimensional hypersurface that separate the two five-dimensional regions of the space. The 
induced metric is denoted by hij. It is worth mentioning that in Ref. [60] the junction condi- 
tions were studied in the most general case, including the case of space-like junctures, which 
corresponds to a cosmological-type geometries that experiment a change of behavior at a given 
time characterized by the hypersurface S. It was pointed out by H. Maeda that this kind of 
space-like junction conditions could be used to construct regular black hole solutions by means 
of geometric surgery procedure inside the black hole horizon. 

Here we will be mainly concerned with static spherically symmetric geometries, and, be- 
sides, with spherically symmetric boundary conditions. That is, we will consider the time-like 
hypersurface S that separates the two regions of the space to be located at fixed radial coordi- 
nate r = a(r), and the system of coordinates we will parameterize the three angular directions 
(pi, 02, 03 of the junction hypersurface, and the proper time r of an observer on S. 

Then, we introduce the metrics 

dsljj = -K] jj{r) dt^ + KY]j{r)dr^ + r^d^l , (49) 

on each region M.^ and A^//, and the two regions join at r = a(r). Since here we consider 
vacuum solutions, Kj{r) and K'j{r) are given by (p71) (or by (12T!) in the case k = 1). In general, 
there is no reason for the mass parameters Mjji of the two regions to be equal, and the same 
happens with the choice of the branches ct/j/ = ±1. Moreover, the orientation oi M.i and 
that of M-H with respect to the normal vector are also independent one on each other, 
and we will take this degree of freedom into account by introducing the variables rjj and rjjj 
which indicate whether in each region the radial coordinate r/ // is parallel (r//// = 1) or anti- 
parallel {rjj II = —1) to n^. Therefore, wormhole-like geometry corresponds to the orientation 
ViVii = ~1) while the standard shell-like geometry corresponds to the case rjjrjjj = The 
freedom in choosing the parameters M, a, rj independently in each region allows for a wide 
class of solutions. The whole catalog was recently studied in [5U] . 

^"^See |161j for a recent review. See also [162] where boundary terms in odd-dimensions are discussed. 
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Vacuum solution representing an Einstein-Rosen lil<e geometry. The spacetime 
is given by two copies of tiie Boulware-Deser metric connected through the 
hypersurface S. The wormhole-type orientation corresponds to r|jr|u = -1. 

Figure 1: Einstein- Rosen bridge geometry as a vacuum solution. 

The metric on S induced from region A4j is the same as the one induced from region Aiu, 
and is given by 

ds"^ = -dr^ + af^/J:l , (50) 

where, according to (p7|) . (iSg will be chosen to be the line element of a 3- manifold with (in- 
trinsic) curvature k = +1, —1, 0, i.e. it is a unit sphere, a hyperboloid or flat space respectively. 
The hypersurface S is the world-volume of the juncture where regions Aij and A4n join. 

To see whether such a wormhole-like (or shell-like) configuration is possible in vacuum, we 
have to solve junction conditions fl46p with Sj = 0. To do this we first need to compute the 
components of the intrinsic curvature. These are given by 

= liV'ia) + {d,a)Y\ K; = (a^a + ^d^V (a)) (a) + (d^af)-'/' 
with i = 1, 2, 3. This also yields 

3J; - J = ^iV\a) + (draff, ^Jt-J= \iy\<^) + {drafY'\dla + \drV\a)). 
On the other hand, the components of Riemann tensor R\i and those of P^l.^ are 

Putting all this together, we can evaluate the junction conditions fj46l) in vacuum. The two 
independent equations read 

iViViiao) - ViiViiiao))ial + "^(^A; - V}^(ao) - Vj]{ao) - ViViiyiMVuiao))) = 0, 
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Aa^ 

iViVf'iao) - ViiVfj\ao)){k - ^ - ViViiVi{ao)Vn{ao)) = 0. 

For the wormhole orientation, r]jr]jj = —1, and for the symmetric case V^{a) = V^j{a), 
these equations take the simple form 

V\ao) = ^al + 3k, v\ao) = ^ - k. (51) 

From these equations we see that the radius of the throat of the wormhole is given by 

2 _ I2ak 

''°"aA-9/4' ^^^^ 

and from this we can also calculate the mass of the wormhole easily. Eq. (!52|) implies that, in 
the case of the spherically symmetric wormhole (/c = 1), we need Aa > 9/4 for the wormhole 
to exist. Then, provided Aa is of order one, the radius of the wormhole throat is or order 
ao ~ \/a. Besides, we should ask the throat to be located outside the horizon, namely ao > r+. 
It is remarkable that all these conditions can be satisfied [60] for positive values of a, fc, M and 
A. However, it is worth mentioning that spherically symmetric wormhole solutions only exist 
if at least one of the two regions Miji corresponds to the branch a = +1 in fl?I]) . 

More remarkable is the fact that the analysis of the dynamic case a = a(r) follows straight- 
forward. When drtt ^ 0, equations = and 5*^' = are not linearly independent, and it is 
sufficient to solve the first of them. Considering = 1, we get 



,2 ,,,, , , ,,,, , 1 2 a / MG 



{d^ay + W{a) = with W{a) = —a' - -\ -—^{1 + AAa/3) + + 1, (53) 

which has the form of a one-dimensional dynamic equation of motion constrained by the van- 
ishing energy condition. Notice that flSTj) is recovered by demanding W{a) = 0. Notice also 
that the effective potential W{a) has negative derivative, and for large values of a it goes like 
W{a) ~ a\2 - ^(1 + 4Aa/3))/8a < 0. The effective potential W{a) can be positive and of 
positive derivative for non-symmetric wormhole configurations. 

Summarizing, we have just seen that spherically symmetric (microscopic) thin-shell worm- 
holes in vacuum are admitted as solutions of the five- dimensional Lovelock theory. These 
solutions are allowed by additional terms arising in the junction conditions of the EGB theory. 

It is worth mentioning that the one we discussed here is not the only class of wormhole-like 
solutions that exists in Lovelock theory. For instance, in [1571 116U] a static wormhole solution 
for gravity in vacuum was found for CS gravity in arbitrary (odd) dimensions D = 2t + 1 > 5. 
This wormhole connects two asymptotic regions whose respective boundaries are locally given 
hjRx S'x Hrf_3. 

Besides, D-dimensional static wormhole solutions of the EGB theory were also studied in 
|158] . and explicit wormhole solutions respecting the energy conditions in the whole spacetime 
were found for the case a > 0. The asymptotic behavior of these solutions is given by R x 
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Naked singularities 

As we have seen in the previous sections, there are many features of Lovelock solutions that 
are not present in GR. Eternal black holes and wormholes are remarkable examples. Another 
example is the existence of positive mass solutions with naked singularities. In fact, naked 
singularities appear in all the catalog of solutions, for both spherically symmetric and extended 
objects, for both solutions with a suitable GR limit and solutions without it. But, what kind 
of naked singularities are these? For instance, we could ask whether these are stable under 
gravitational perturbations |165[ I166j : or whether these turn out to be "bad" singularities 
when probed with wave functions [_168j . 

Regarding the question about the stability, this issue was studied recently within the frame- 
work of the Kodama-Ishibashi formalism, and some evidence of instabilities was found [167j . 
On the other hand, here we will address the second question, the one about how these naked 
singularities look like when analyzed with quantum probes. To do this we will employ the 
method developed by Horowitz and Marolf in Ref. pL68], based on the pioneer work of Wald 
|169] . The basic idea es the following: Unlike what happens in the classical regime, where a 
singular space is defined by the concept of geodesic incompleteness, in the quantum mechanical 
regime the singular character of the space-time is defined in terms of the ambiguity in the 
definition of the Hamiltonian evolution of wave functions on it |168j . More specifically, the 
singular nature of a given space is determined in terms of the ambiguity when trying to find a 
self-adjoint extension of the Hamiltonian operator to the whole space. When such self-adjoint 
extension exists and is unique, then it is said that the space is quantum mechanically regular, 
in spite of the singularities it might present at classical level. Notice that this is not matter of 
deforming the space or somehow resolving it, but it is rather a reconsideration of what is the 
relevant physical dynamics on it. In fact, a space can be classically singular but still regular 
when it is analyzed with quantum probes. 

Here, we will apply the concept of quantum probes to the singular solutions of Lovelock 
theory discussed above. But, first, let us review the method developed in [1681 117U]. Consider 
the quantum dynamics of a scalar field (p on the spherically symmetric space (120|) . which is 
governed by the Klein-Gordon equation 

(V^V^ - - 2iR) = 0. (54) 

This equation can be written as follows 

+ = 0, with = -V(,)V^ (V(,)V,(/?) + V^(^,)mV + 'iVl,)iR^ (55) 

where V* is the covariant derivative on the spacelike hypersurfaces defined by constant t fo- 
liations, and where the metric function V'^{r) is given by fl2Tl) . The piece V(r)V* (V(r)ViV5) in 
f l55|) involves the Laplacian operator on the unitary 3-sphere, whose eigenvalues are known to 
be given by — /(/ + 2) with positive integers Z = 0, 1, 2, 3, ... 

Now, equation fl5S]) can be written in its Schrodinger-like form, schematically, 

idt'p = Hip, 

^^For a discussion on the formation of naked singularities, see |163[ [164j . 
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and then the problem to deal with is to decide whether the Hamiltonian operator Ti admits 
a unique self-adjoint extension in spite of the fact the space is singular at the origin r = 0. 
As mentioned, in the quantum mechanical context the existence of singularity is associated to 
the non-existence of a unique self-adjoint extension of the Hamiltonian operator rather than 
to a geodesical completeness. Then, the problem of determining whether the space is regular 
is translated into the problem of verifying whether TH? admits a unique self-adjoint extension 
Ti^E- If such extended operator exists, then the Hamiltonian evolution of the wave function in 
this space would be given by 

^pit) = exp(-it He) ^fiO), 

and it would be well-defined. 

It turns out that a sufficient condition for Til to exist and be unique is that at least one of 
the solutions of the differential equation 

d^,4>ir) + dr log (rV(y - V^;^' (r~%l + 2) - + ^i? ± iV^;)') = (56) 

fails to be of finite norm near the origin for any value of / and for any of the two possible signs 
± in (!56!l : see [168] for details. In other words, for the space to be considered regular quantum 
mechanically it is necessary to see that at least one solution to (1561) is non-normalizable 
around the origin. This criterion strongly depends on which norm ||0|| is considered. 

The well-posedness of an initial value problem requires not only the existence and uniticity 
of conditions, but also continuous dependence of solutions on initial data. Then, the norm ||0|| 
to be considered should select a the function space that fulfills these requirements. A sensitive 
norm in this sense is the Sobolev norm |171j . 

To see how the method works in the case we are interested in, let us consider again the 
five-dimensional Boulware-Deser space (120|) - (12T|) . The branch cr = +1 of this space presents a 
naked singularity for all positive values of M, while the branch a = —1 only presents naked 
singularities within the range < M < a. Then, let us solve the wave equation for these spaces. 
To analyze the solutions of (!56l) near the singular point r = it is convenient to write this 
equation as d'^cj) + r~^p(^r)dr4> + ''^~'^Qir)<P = 0, with p{r) and g(r) being two functions analytic at 
the origin. This is a Fuchsian equation and so it admits solutions with the form 0(r) = r^f{r) 
for certain analytic function /(r) and a complex number t] that is known to solve the indicial 
equation i]'^ + {p[r=o) — 1)^ + Q'(r=o) = 0. Then, replacing fl2T|) in fl56l) we find P(r=o) = 3, 
^(.^=0) = + 2)/(l + a^/M/a), and two independent solutions to (156!) are then given by the 
two values of rj that solve (77 + 1)^ = 1 + /(/ + 2)/(l + g^/mJo). Therefore, we find that one 
of the solutions to fl56l) always diverges at least as rapidly as |0p ~ r~^, and so it fails to be 
integrable with respect to the Sobolev norm. 

Summarizing, there exists a unique self-adjoint extension 7i|;, from what we conclude that 
five-dimensional Boulware-Deser metric turns out to be regular when tested by quantum probes. 
It is remarkable that the positive (but small) mass solutions of five-dimensional black holes are 
in a sense regular quantum mechanically, despite the naked curvature singularity they exhibit 
at the origin. 

Before concluding, we wish to make a remark about the consistency of studying naked 
singularities in this way. Actually, one could wonder whether probing naked singularities in 
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a theory with a finite higher curvature expansion makes sense or not. For instance, in string 
inspired models, as soon as one approaches the singularity, neglecting higher order corrections 
seems to be impossible since higher and higher order terms start to dominate as we go close 
enough to the singularity. However, let us argue here that, even though this is true, this 
is not necessarily an obstruction for testing singularities with quantum probes up to certain 
order in the higher curvature expansion. Let us be reminded of what we do when we solve 
the Schrodinger equation for the Coulombian potential (e.g. In fact, the analogy with the 
hydrogen atom in quantum mechanics is quite good since such problem also corresponds to 
solving a wave function equation in presence of a central potential whose classical counterpart 
breaks down at the origin). In quantum mechanics, even though the Coulombian potential 
diverges at the origin, we know that the quantum problem still makes sense, and we do solve 
the wave equation without complaining about the fact that other corrections to the potential 
(e.g. effective screening due to quantum effects, or short distance corrections to the Coulombian 
potential) could in principle appear at very short distances. Heuristically speaking, what one 
really has to do to make sure the whole procedure makes sense is comparing the typical size 
of the wave packet with the length scale where the terms that were neglected would dominate. 
For example, above we were dealing with the EGB action, and the terms TZ^ were certainly 
neglected, and so the analysis carried out could still make sense as long as the Compton length 
of the wave packet is small enough in comparison with the length scale imposed by the coupling 
constant q;„ with n > 2, and provided the fact higher curvature terms act as a perturbation. 

For some particular models where the couplings q;„ are given in terms of the same funda- 
mental scale (like the models inspired in string theory where the scale is given by 1^ ~ a') the 
story could be a little more subtle, and so the argument above would not be valid in general. 
Nevertheless, it is likely the case that higher order terms would contribute by smoothing out 
the singularity even more, although not necessarily resolving it in a classical sense. 
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